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[1] Aquifer recharge is one of the most important problems in hydrology from both
theoretical and practical points of view. One of the most widely accepted methods to deal
with this problem is the use of the Dupuit-Forchheimer theory. This theory assumes that
the water table is almost horizontal, the vertical velocity is zero, and the horizontal velocity
is uniform with depth. Surfaces of seepage are not considered. Despite these strong
limitations the theory is applied, and success is frequently found in many cases despite its
fundamental assumptions being violated. In this work an approximate 2-D solution to the
problem is sought on the basis of Picard’s iteration technique, from which a second-order
differential equation for recharge problems is found. On the basis of this solution, a
modiﬁed, analytical Dupuit-Forchheimer (DF) ellipse is found which compares favorably
with the full 2-D solution of the problem. The analytical developments of this theory
provide a generalized DF theory which permits as an outcome the analytical determination
of the surface of seepage.
Citation: Castro-Orgaz, O., J. V. Gira´ldez, and N. I. Robinson (2012), Second-order two-dimensional solution for the drainage of
recharge based on Picard’s iteration technique: A generalized Dupuit-Forchheimer equation, Water Resour. Res., 48, W06516,
doi:10.1029/2011WR011751.
1. Introduction
[2] Aquifer recharge is one of the most relevant prob-
lems of Hydrogeology today, especially in phreatic aquifers
[Jaeger, 1956; Bear, 1972]. The solution of the water ﬂow
problem requires the use of the Laplacian for the potential
and stream functions subjected to the different boundary
conditions. The ﬂow equation and the free surface bound-
ary condition are nonlinear, which implies in most cases a
numerical solution [Bear, 1972; Serrano, 1995; Rushton
and Youngs, 2010]. An alternative to this numerical solu-
tion is the adoption of Dupuit-Forchheimer hypotheses
[Dupuit, 1863] (henceforth referred to as DF theory), which
allow a simpler solution. The classical DF does not con-
sider the existence of seepage surfaces that reduces the ac-
curacy of the estimation of the water table position under
aquifer recharge conditions [Youngs, 1990; Knight, 2005].
This fact prompted many researchers to search for alterna-
tive, still 1-D, improved models [Serrano, 1995; Knight,
2005; Castro-Orgaz, 2011a, 2011b]. Knight [2005] and
Castro-Orgaz [2011a, 2011b] presented more correct 1-D
models expressed as differential equations for the water
table position requiring numerical handling.
[3] For the particular case of soil water drainage under
steady recharge, Rushton and Youngs [2010] demonstrated
that the standard ﬁrst-order ordinary differential equation
arising from the DF theory compares well with water table
elevations deduced from a complete 2-D numerical integra-
tion of the Laplace equation if the chosen boundary condition
is the seepage face. However, this result must be theoreti-
cally discussed and highlighted. Castro-Orgaz [2011a] found
that the streamline curvature and inclination effects did not
affect the water table position for ﬂow to drains. This analy-
sis conﬁrmed that the classical DF equation is a good
approach for some water table studies, even though the
model did not incorporate the aquifer recharge intensity,
thereby precluding a general conclusion.
[4] The classical DF theory assumes that the water table
height at the outﬂow section of a drainage area is identical
to the water level there, equivalent to neglecting the surface
of seepage [Bear, 1972]. The DF theory assumes a hydro-
static pressure variation with depth, which is stated to be
limited to zones of the water table where its slope is small.
Further, for drainage problems, this is stated to be incom-
plete because the water table is not a streamline, and it is
also necessary to ensure that the vertical velocity is nearly
zero [Bear, 1972]. The idealized ﬂow condition is therefore
an almost horizontal water table where velocity is nearly
horizontal and uniform with depth. But what happens if the
water table curvature is large although the slope is nearly
zero? And if the vertical velocity is nearly zero but the hor-
izontal velocity proﬁle is markedly variable with depth?
1IAS, CSIC, Cordoba, Spain.
2Department of Agronomy, University of Cordoba, Cordoba, Spain.
3School of the Environment, Flinders University, Adelaide, South
Australia, Australia.
Corresponding author: O. Castro-Orgaz, IAS, CSIC, Finca Alameda del
Obispo s/n, E-14080 Cordoba, Spain. (oscar@tecagsl.com)
©2012. American Geophysical Union. All Rights Reserved.
0043-1397/12/2011WR011751
W06516 1 of 10
WATER RESOURCES RESEARCH, VOL. 48, W06516, doi:10.1029/2011WR011751, 2012
These situations indicate that several aspects of the DF are
obscure and, at best, only partially addressed in the
literature.
[5] The purpose of this work is to critically assess the va-
lidity of the DF theory in the case of aquifer recharge. A
novel solution based on Picard iteration method will be
adapted to incorporate the effect of the local discharge in-
tensity, and horizontal and vertical velocity distributions on
the water table shape. As an application, two important
problems will be addressed: soil drainage with symmetri-
cally downstream boundaries and the toe drain lying on an
impermeable stratum.
2. Picard’s Iteration Technique: Second-Order
2-D Solution for the Water Table Analysis in an
Aquifer Under a Uniform Steady Recharge
[6] The Cauchy-Riemann conditions for steady ground-
water 2-D ﬂow in a homogeneous isotropic aquifer are
[Jaeger, 1956; Bear, 1972]
u ¼ K @
@x
¼  @ 
@z
(1)
v ¼ K @
@z
¼ þ @ 
@x
: (2)
[7] The velocity components in the Cartesian x and z
directions are u and v, respectively, the constant hydraulic
conductivity is K,  ¼ p= þ z is the water potential or hy-
draulic head, with pressure p and speciﬁc gravity of water
, and  is the stream function.
[8] The equations (1) and (2) can be used iteratively to
compute  and  , and, consequently, u and v starting with
an initial function for each variable [Matthew, 1991]. The
method is well known in open channel hydraulics, and in
the solution of other nonlinear groundwater ﬂow equations
[Celia et al., 1990; Mehl, 2006]. The iterative cycle will be
described in detail to ﬁnd a second-order differential equa-
tion for the water table with recharge.
[9] The iteration starts with a ﬁrst-order approximation
for the horizontal component of the velocity, u, as the uni-
form velocity proﬁle
uð1Þ ¼ q
h
: (3)
Here q ¼ qðxÞ is unit discharge which is limited hereafter to
a linear function of x, i.e., q0 ¼ const and q00 ¼ 0, with primes
denoting derivatives with respect to x. The stream function  
to ﬁrst-order accuracy follows from equation (1) as
 ð1Þ ¼ 
Z
uð1Þdz ¼  qz
h
; (4)
which satisﬁes the boundary conditions of  as  ¼ 0 at
z ¼ 0 and  ¼ q at z ¼ h. The ﬁrst-order approximation
for the vertical velocity component, v, from equation (2),
is then
vð1Þ ¼ @ 
ð1Þ
@x
¼  q0  qh
0
h
 
z
h
: (5)
With vð1Þ introduced into equation (2), the ﬁrst-order poten-
tial function ð1Þ is found by integration as
 Kð1Þ ¼
Z
vð1Þdz ¼  q0  qh
0
h
 
z2
2h
þ f ðxÞ: (6)
The function f(x) is unknown at this stage. The second-
order approximation, uð2Þ, for the horizontal component of
the velocity u follows from equation (1) and the x deriva-
tive of equation (6) as
uð2Þ ¼ K @
ð1Þ
@x
¼ q
h2
 h
02
h
þ h
00
2
 
þ q
0h0
h2
 
z2 þ f 0: (7)
Integration of equation (7) with respect to z leads to a sec-
ond-order expression for the stream function  as
 ð2Þ ¼ 
Z
uð2Þdz ¼  q
h2
 h
02
h
þ h
00
2
 
þ q
0h0
h2
 
z3
3
 f 0 z: (8)
An expression for f 0 can now be found by using the bound-
ary condition at the water table,  ¼ q at z ¼ h, leading to
q ¼  q
h2
 h
02
h
þ h
00
2
 
þ q
0h0
h2
 
h3
3
 f 0 h: (9)
The derivative of function f is
f 0 ¼ q
h
 1
3
q  h
02
h
þ h
00
2
 
þ q0h0
 
: (10)
Inserting the expression for f 0 into equation (7), yields a
second approximation for u as
uð2Þ ¼ q
h
þ z
h
 2
 1
3
 
q
h00
2
 h
02
h
 
þ q0h0
 
: (11)
The horizontal component of velocity at the water table to
second-order accuracy, designated us, is
us ¼ q
h
1þ hh
00
3
 2h
02
3
þ 2q
0h0h
3q
 
: (12)
The value of function f(x) can be deduced from equa-
tion (6) imposing the conditions z ¼ h, where p ¼ 0,
and  ¼ h :
f ðxÞ ¼ Khþ 1
2
ðq0h qh0Þ With f 0 ¼ Kh0  qh00: (13)
Substituting this expression for f back into equation (6)
produces
 Kð1Þ ¼ Khþ 1
2
ðqh0  q0hÞ z
h
 2
 1
 
: (14)
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Equation (14) then gives an alternative expression for the
second-order approximation to the horizontal component of
velocity u as
uð2Þ ¼ K @
ð1Þ
@x
¼ Kh0  qh
00
2
þ qh
00
2
þ q0h0  qh
02
h
 
z
h
 2
:
(15)
Equation (15) at the water table yields
us ¼ Kh0 þ q0h0  qh
02
h
; (16)
also obtained from equation (7) and the second of equations
(13). Equating equations (12) and (16) produces an ordi-
nary differential equation for h :
q
h
1þ hh
00 þ h02
3
 q
0h0h
3q
 
þ Kh0 ¼ 0: (17)
[10] Equation (17) is the second-order solution for the
drainage problem obtained by the Picard iteration tech-
nique. For no recharge, equation (17) simpliﬁes to the
Dupuit-Fawer equation obtained by Castro-Orgaz [2011a,
2011b], expressing the Laplacian in curvilinear coordi-
nates. Equation (17) is therefore a generalized result for the
water table equation in Cartesian coordinates.
3. The Drainage of Recharge Problem
[11] For the case considered in Figure 1 the horizontal
seepage discharge is q(x) ¼ Nx, and equation (17) may be
rearranged in the form
1þ hh
00 þ h02
3
 h
0h
3x
 
þ K
N
h0h
x
¼ 0: (18)
After some mathematical manipulation it becomes
1þ x
3
d
dx
h0h
x
  
þ K
N
h0h
x
¼ 0: (19)
Introducing the variable Z ¼ hh0/x, enables equation (19) to
be recognized as a ﬁrst-order ordinary differential equation
with separated variables
1þ x
3
dZ
dx
 
þ K
N
Z ¼ 0: (20)
The solution in terms of an arbitrary constant c1 is
1þ K
N
Z ¼ c1x3K=N : (21)
Substituting for Z enables equation (21) to be rewritten as
hh0 ¼ N
K
ðc1x13K=N  xÞ; (22)
which may be integrated with respect to x to give
1
2
h2 ¼ N
K
c1
2 3 KN
 	 x23K=N  1
2
x2
" #
þ c2: (23)
To determine the constants c1 and c2, use is made ﬁrst of
the required symmetry condition h0 ¼ 0 at x ¼ 0 in equa-
tion (22). Here it can be seen that c1 depends on the value
of K=N .
[12] When the exponent of x is positive, h0 ¼ 0 automati-
cally, regardless of the value of c1. When the exponent is
not positive, i.e., 2 3K=N  0 or N=K  3=2, then
c1 ¼ 0. Hereafter, this condition c1 ¼ 0 will be used,
Figure 1. Streamlines and equipotential lines in a phreatic aquifer above an impervious horizontal
layer under a uniform and steady recharge of intensity N. The local height of the water table is h.
W06516 CASTRO-ORGAZ ET AL.: RECHARGE BASED ON PICARD’S ITERATION W06516
3 of 10
because from numerical calculations to be presented, N=K
values greater than approximately 0.6, and the same critical
quantity 2 3K=N < 0 arising in an estimation of ho,
show that the second-order Picard approximations diverge
considerably from examples of 2-D calculations, and are no
longer appropriate. The constant c2 is determined from
equation (23) by imposing the requirement that at x ¼ 0,
h ¼ ho at the water table, ho yet to be determined. Immedi-
ately, c2 ¼ h2o=2 and equation (23) becomes
h2 ¼ h2o 
N
K
x2: (24)
[13] The solution of equation (24) coincides with the
result of the Dupuit-Forchheimer analysis. This is a fortui-
tous coincidence because the velocity ﬁeld associated with
equation (30) is neither uniform along the horizontal (from
equation (11)),
u ¼ q
h
1þ hh
00
2
 h02 þ q
0h0h
q
 
32  1
3
  
;  ¼ z
h
; (25)
nor along the vertical (from equation (5)),
v ¼ q
h
h0  q
0h
q
 
: (26)
Equation (24) is a 2-D solution for the problem of
recharge, which is equation (21) or equation (22) with
c1 ¼ 0, rewritten as,
K
N
hh0
x
¼  1; (27)
which, when compared with equation (18), is subjected to
the peculiar relationship
hh00 þ h02 ¼ h
0h
x
: (28)
Equation (27) implies that the ﬂow rate q is exact for this
problem as
q ¼ Nx ¼ Khh0: (29)
The velocity components from equations (25) and (26) are,
using the condition given by equation (28),
u ¼ Nx
h
1þ hh
0
x
 h02
 
32  1
2
  
(30)
v ¼ Nx
h
h0  h
x
 
: (31)
[14] Equation (29) may be accepted as the exact 2-D gov-
erning equation to second-order accuracy for the drainage of
recharge problem. This equation yields the generalized water
table proﬁle given by equation (24). The equation does not
suffer from the limitations of the classical Dupuit-
Forchheimer model, implying an almost horizontal water
table. It is valid for curvilinear ﬂow with recharge. In addi-
tion, the horizontal velocity u is not uniform, and the vertical
velocity is not zero, as seen in equations (30) and (31). Equa-
tion (24) applies in regions of large vertical velocity. For the
limiting case at x ¼ 0, equations (30) and (31) produce
u ¼ 0; v ¼ N : (32)
Equation (32) implies a vertical ﬂow. This is a ﬂow condi-
tion deduced from the ﬂow equations and therefore implicit
from equation (24).
3.1. Boundary Condition for the 2-D Model
[15] Equation (24) requires a boundary value for ho. This
value needs to be accurate to obtain precise water table ele-
vations. Nothing is assumed about the existence of seepage
faces. The value of ho may be taken from the complete 2-D
solution of the groundwater ﬂow problem. The classical
assumptions of the Dupuit-Forchheimer theory about the
surfaces of seepage are unnecessary, and very limited. The
model given by equation (24) is exact to second order. This
result agrees with the ﬁndings of Rushton and Youngs
[2010] of good agreement between the Dupuit-Forchheimer
equation and their 2-D solution of Laplace’s equation, if
the boundary condition for the former was taken as the
seepage face height. The usefulness of a 1-D approach as
compared with the complete 2-D solution was, however,
not theoretically justiﬁed. To complete the model presented
here an estimate of the boundary condition ho is required.
3.2. Estimate of ho Using Green’s Second Identity
[16] Green’s second identity [Courant and Hilbert,
1962] for two arbitrary functions, w and , in 2-D reduces,
when they are both regular harmonic functions, to [Huard
de la Marre, 1956; Chapman, 1957a, 1957b, 2003]
I
w
@
@n
ds ¼
I

@w
@n
ds: (33)
The derivatives are evaluated in the normal direction n
external to the closed surface, and s is the curvilinear dis-
tance along its perimeter. For the case depicted in Figure 1,
which deﬁnes  as the angle between free surface and the x
axis, Table 1 summarizes each term along the boundary
[Chapman, 2003] using a value of w ¼ x.
[17] The kinematic boundary condition at the free sur-
face is [Bear, 1972; Youngs and Rushton, 2009; Rushton
and Youngs, 2010]
q
K
cos  ¼ @
@x
sin þ @
@z
cos  ¼ @
@n
(34)
Table 1. Evaluation of Arguments for Green’s Second Identity
(Equation (33))
Line w K @@n K
@w
@n
AB x 0 unknown 0
BC L u KhD 1
CD L u Kz 1
DE x equation (39) Kh sin 
EA 0 0 unknown;
use equation (40)
1
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This equation represents a mass conservation across the
water table surface. This equation is required in equation
(33) for the curvilinear integral along the water table sur-
face. The form of the potential equation, , is unknown
along the boundaries AB and EA. The contribution of the
former is zero, whereas the latter needs to be evaluated.
[18] Equation (14) at x ¼ 0 where h0 ¼ 0 yields
ð0; zÞ ¼ ho  q
0
2Kho
ðh2o  z2Þ: (35)
Equation (35) is the identical distribution proposed by
Chapman [2003], who assumed the streamlines near x ¼ 0
to be of the type xz ¼ const. and the equipotentials x2  z2
const. Therefore, the analysis based on Picard iteration con-
ﬁrms that equation (35) is generally valid to this order of
accuracy. In addition, the role of the kinematic boundary
condition for  is clearly speciﬁed with equation (34).
Inserting each term of Table 1 into equation (33) ﬁnally
yields [Chapman, 2003]
h2o ¼ h2D þ
N
K
L2
 
1 2N
3N
 1
;N=K < 3=2: (36)
It is noted that the denominator of equation (36) must not
be zero i.e., 3K=N < 3=2 and is also a critical relation
required to ensure that c1 ¼ 0 for equation (23). Equation
(36) is therefore the generalized second-order result for the
upstream boundary condition ho. It was originally obtained
by Chapman [2003] assuming a parabolic distribution
given by equation (35). The current results demonstrate
that this function arises from a second-order approximation
to the 2-D problem. Equation (36) was also obtained by
Knight [2005] with another approximate theory. However,
the developments presented herein demonstrate that equa-
tion (36) is a more general approximation to the 2-D prob-
lem. Using equation (36), the generalized result for the
water table proﬁle is, from equation (24),
h2 ¼ h2D þ
N
K
ðL2  x2Þ þ 2
3
N
K
 2
x2
" #
1 2N
3K
 1
;N=K < 3=2:
(37)
[19] As far as the authors are aware, equation (37) has
not been presented before in the groundwater literature. An
immediate consequence of equation (37) is the evaluation
of hs, the height of the surface of seepage at x ¼ L :
h2s ¼ h2D þ
2
3
N
K
 2
L2
" #
1 2N
3K
 1
;N=K < 3=2: (38)
4. Comparison of Picard Iteration With 2-D
Solutions of Groundwater Flow Problems
[20] With second-order truncation of Picard iteration and
lack of proof of convergence for a large number of itera-
tions it is important to make comparisons with 2-D prob-
lems solved with 2-D solution procedures. Two problems
are selected. The ﬁrst is the speciﬁcation of different com-
binations of hD=L, ho=L, and N=K by Hornung and
Krueger [1985] and Rushton and Youngs [2010]. The
second problem is for a toe drain upon an inﬁnite imperme-
able layer which Engelund [1951] solved analytically.
4.1. Comparison With the Results of Rushton and
Youngs [2010]
[21] Equation (37) is compared in Figure 2 with the 2-D
seepage water table results by Rushton and Youngs [2010]
solving the complete equation
@2
@x2
þ @
2
@z2
¼ 0; (39)
subjected to the following boundary conditions:
@
@z
¼ 0 on AB
 ¼ hD on BC
 ¼ z on CD
 ¼ h on DE
q
K
cos  ¼ @
@x
sin þ @
@z
cos  on DE
@
@x
¼ 0 on EA :
(40)
[22] The data was digitized from the published solution
by Rushton and Youngs [2010]. Figure 2 indicates the good
agreement between the numerical solution to the 2-D prob-
lem, equation (39) subjected to conditions (40), and the
2-D Picard solution to second-order accuracy given by
equation (37).
[23] The present analytical result is a considerable advance
over the numerical solution by Castro-Orgaz [2011a], who
Figure 2. Recharge to symmetrically located downstream
boundaries for N/K ¼ 0.4 and hD/L ¼ 0.2: comparison of
two-dimensional seepage water table results by Rushton
and Youngs [2010] with equation (37).
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estimated the water table elevation by an approximate solu-
tion of the Laplacian ﬂow equation in curvilinear coordi-
nates. Equation (37) provides, therefore, a practical and
simple analytical formula for hydrologists working in phre-
atic aquifers.
[24] Rushton and Youngs [2010] presented numerical
values for ho/L and hs/L from Laplacian simulations for two
test cases: (1) hD/L ¼ 0 (Figure 3a) and (2) ho/L ¼ 0.5 N/K
(Figure 3b). These are compared with estimates given by
equations (36) and (38), respectively. The good agreement
of the approximate 2-D model based on Picard iteration
can be seen. Therefore, the empirical ﬁttings to hs/L pro-
posed by Rushton and Youngs [2010] to ﬁnd the free sur-
face proﬁle may be replaced by the analytical approach
given by equations (36), (37), and (38). The Picard iteration
method demonstrates that equation (24), the so-called
Dupuit-Forchheimer ellipse for the drainage, is NOT limited
to a 1-D model. It is an exact 2-D solution to second-order
accuracy, justiﬁed by the success of its comparison with the
2-D results from the numerical solution of the ﬂow equation.
[25] Hornung and Krueger [1985] presented numerical
simulations for the water table for N/K ¼ 0.4 and 0.1 and
hD/L¼ 0. Their results are compared in Figure 4a with
equation (37) and show good agreement. The values for
ho/L and hs/L from Hornung and Krueger [1985] are com-
pared against estimates given by equations (36) and (38),
respectively, in Figure 4b, resulting in good agreement for
N=K < 0:6. Youngs’ drainage inequality [Youngs, 1965]
N
K
 h2o 
N
K
1 N
K
 1
; (41)
is plotted as a shadow domain in Figure 4c, where the
results from Hornung and Krueger [1985] and equation
(36) demonstrate that the latter satisﬁes equation (41).
4.2. Comparison With Engelund’s Hodograph Plane
Theory
[26] Engelund [1951] considered the problem of drain-
age of recharge for a toe drain overlying an impermeable
stratum (Figure 5). He applied the hodograph transforma-
tion to solve the 2-D problem, ﬁnding that the water table
elevation is
h2 ¼ N
K
ðL2  x2Þ; (42)
where L is the lateral distance to the point at which h ¼ 0.
[27] Youngs [2012] has recently indicated that equations
(24) and (42) may match fortuitously under different assump-
tions. Equation (24) was demonstrated to be a 2-D solution,
and that its boundary condition should be a particular point
solution of the 2-D problem. Setting h ¼ 0 at x ¼ L in equa-
tion (24) gives
h2o ¼
N
K
L2: (43)
After inserting h2o into equation (24), then equation (42) is
regained. In consequence, the 2-D solution obtained by Pic-
ard iteration to second-order accuracy is identical to the
2-D solution obtained by Engelund [1951], provided that
the boundary condition used in equation (24) is also a point
of the 2-D solution. Engelund’s solution may be further
Figure 3. Comparison of the ratios ho/L and hs/L from the 2D solution of the Laplace equation
[Rushton and Youngs, 2010] for two test cases; (a) hD/L ¼ 0, (b) ho/L ¼ 0.5N/K against equations (36)
and (38).
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compared with the present theory in terms of stream and
potential functions, from which the full 2-D problem is
deﬁned. Engelund’s full 2-D solution is
x2  z2  1 N
K
 2
L2 ¼  
2
NK
 NK
 2
x2z2 (44)
x2  z2  1 N
K
 2
L2 ¼  K
2
N
þ N
K2
x2z2: (45)
From our approach, equation (30) provides
 ¼ 
Z
udz ¼ Nx  þ hh
0
x
 h02
 
3  
2
  
; (46)
and equation (14) yields
 ¼ h 1þ 1
2
N
K
1 xh
0
h
 
ð2  1Þ
 
: (47)
Figure 4. Recharge to symmetrically located downstream boundaries: (a) comparison of two-dimen-
sional seepage water table results by Hornung and Krueger [1985] for N/K ¼ 0.4 and 0.1 and hD/L ¼ 0
with equation (37), (b) comparison of ho/L and hs/L from the two-dimensional solution of the Laplace
equation [Hornung and Krueger, 1985] for hD/L ¼ 0 versus equations (36) and (38), (c) equation (36)
and 2-D data from Hornung and Krueger [1985] plotted in the drainage inequality diagram of Youngs
[1965] (shaded area).
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Using the water table differential equation Khh0 ¼ Nx,
equations (46) and (47) are reduced to
~ ¼  1 
2
ð1þ r2Þð2  1Þ
h i
(48)
~ ¼ 1þ 
2
ð1þ r2Þð2  1Þ; (49)
with the new parameter  ¼ N=K , new variable r ¼ x=h,
and new variables deﬁned by ~ ¼ =h and ~ ¼  =ðNxÞ.
[28] Dividing equation (44) by h2 produces a quadratic
equation in ~ 
2
whose coefﬁcients involve parameters  and
L=K and variables r and . Dividing equation (45) by h2
also produces a quadratic equation in ~
2
with the same pa-
rameters and variables. Now if  and x=L are given, equa-
tion (42) then determines L=h so that r ¼ x=L  L=h. In this
case there remain ~ - and ~- relationships. Equations (44)
and (45) are compared in Figure 5 with equations (48) and
(49) for a drainage case with N/K ¼ 0.2. A comparison for
~ between both methods is presented at positions x/L ¼
0.2, 0.4, and 0.6 in Figures 6a, 6b, and 6c, respectively, and
the same comparison for ~ is made in Figures 6d, 6e, and
6f. It can be seen that the agreement between the full 2-D
solution and Picard second-order approximation is very
good for ~ and acceptable for ~. Deviations increase as the
boundary condition h ¼ 0 is approached, as expected from
the mathematical approximation in equations (48) and (49).
However, their accuracy is adequate for practical purposes.
5. Discussion
5.1. The Classical DF Theory
[29] The problem of drainage of recharge with symmetri-
cally downstream boundaries is one of the basic and impor-
tant problems in groundwater hydrology [Kirkham, 1967;
Rushton and Youngs, 2010]. This problem may be tackled
either using the complete 2-D solution of Laplace equation
for the hydraulic head, or using the Dupuit-Forchheimer
approximation. This approximate 1-D theory is presented in
papers and books starting with a water table of small incli-
nation, thereby leading to a ﬂow with almost parallel, hori-
zontal streamlines. The literature then traditionally calls for
caution when using this theory, which is limited to [Bear,
1972] (1) an almost horizontal water table, (2) ﬂows almost
horizontal, meaning that the vertical velocity needs to be
zero or very small, which invalidates the DF theory in the
Figure 5. The saturated ﬂow domain of an aquifer under
a uniform recharge rate N with a toe drain resting on an
impermeable layer [Engelund, 1951].
Figure 6. Comparison of results from equations (44) and (45) (diamonds) with those from equations
(48) and (49) (lines) for N/K ¼ 0.2 at positions (a, d) x/L ¼ 0.2, (b, e) x/L ¼ 0.4, and (c, f) x/L ¼ 0.6.
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case shown in Figure 1 at x ¼ 0 because there although
h0 ¼ 0, the vertical velocity is not zero and given by v ¼
N, and (3) the classical DF solution for the case of Figure
1 assuming that the water table reaches the water level hD,
which is equivalent to neglecting the surface of seepage.
5.2. A Revised DF Theory Based on the Full 2-D
Solution
[30] The traditional DF approach (summarized above)
was recently revised by Rushton and Youngs [2010], and
the following points were outlined in their study.
[31] 1. The DF equation is a 1-D model which may be
solved subjected to a boundary condition at some undeﬁned
position. Rushton and Youngs [2010] indicated that there is
no reason why this should not be enforced as the down-
stream boundary condition.
[32] 2. Better water table estimations can be obtained if
the surface of seepage is taken as this boundary condition.
[33] 3. For this task, a 2-D numerical model was used to
solve the problem. Numerical results for the surface of
seepage height were ﬁtted to empirical relationships for
their use in the classical DF differential equation.
[34] 4. No explanations are given of reasons why this
approach is successful for comparisons with the 2-D model.
Their proposed model also depends on the empirical rela-
tionships developed for the boundary condition at the sur-
face of seepage.
5.3. Approximate 2-D Solution Based on Picard’s
Iteration Technique
[35] A simple method to obtaining higher-order solutions
is the Picard iteration method [Matthew, 1991]. On the ba-
sis of the second-order solution with this technique, the fol-
lowing results were found.
[36] 1. The DF theory is not limited to ﬂows with h0  0.
The local discharge relation q ¼ Khh0 is generally valid
for curvilinear ﬂows with recharge provided that there is a
local equilibrium given by hh00 þ h02 ¼ hh0=x with
N=K < 3=2. This relation was found to be exact for the
drainage of recharge with symmetrically located down-
stream boundaries (Figure 1). It means that the discharge
relation Nx ¼ Khh0 is the exact differential equation gov-
erning the water table shape to second-order accuracy. It is
associated with nonuniform horizontal and vertical veloc-
ities (equations (30) and (31)).
[37] 2. The differential equation yields a generalized
water table proﬁle function with a suitable boundary condi-
tion to be determined. On the basis of a 2-D computation
using the second Green identity for harmonic functions, the
boundary condition at x ¼ 0 was found. The result is a
drainage ellipse, similar to the classical DF ellipse, but
with the correct boundary condition based on the 2-D
results. It is therefore not necessary to use an empirical
relationship for the seepage height hs as a boundary condi-
tion. Instead, an analytical 2-D result for hD is proposed.
[38] 3. The new DF ellipse (equation (37)) provides an
analytical expression for the height of the surface of seep-
age (equation (38)). It demonstrates that the DF equation
has nothing implicit about the existence of the surfaces of
seepages if the boundary condition is correctly accounted
for. The existence of a surface of seepage is demonstrated
to be an outcome of the model.
[39] 4. The new result for an improved DF theory given
by Picard’s iteration technique is different from the DF
theory as presented by Kirkham [1967]. He obtained as a
result of his DF ‘‘soil’’ a ﬂow net composed of curvilinear
streamlines and vertical equipotentials, thereby violating the
normal intersection of both families of curves. In contrast,
our second-order results has nothing implicit about these
conditions, and orthogonality of the ﬂow net is preserved.
6. Conclusions
[40] The following conclusions are derived from this
work.
[41] 1. Using the Picard iteration technique, it was found
that the classical DF theory is not limited to almost hori-
zontal ﬂows with negligible vertical velocity for the prob-
lem of recharge.
[42] 2. The DF differential equation is demonstrated to
be the exact equation governing the water table to second-
order accuracy.
[43] 3. On the basis of Green’s second identity, a suitable
2-D boundary condition at x ¼ 0 was found, thereby produc-
ing a modiﬁed DF drainage ellipse which provides an analyt-
ical expression for the height of the surface of seepage.
[44] 4. The DF improved drainage ellipse is shown to be
associated with nonuniform horizontal velocities and non-
zero vertical velocities.
Notation
c1;2 constants of Integration.
f function, m.
h water table height, m.
K hydraulic conductivity, m s1.
n coordinate normal to external boundary, m.
N recharge, m s1.
q unit discharge, m2 s1.
L half separation between drainage ditches, m.
s curvilinear coordinate along external boundary, m.
u horizontal velocity, m s1.
v vertical velocity, m s1.
w a harmonic function, m2 s1.
x horizontal distance, m.
z elevation, m.
 speciﬁc weight of water, N m3.
 angle of water table with horizontal, rad.
 stream function, m2 s1.
 water potential, m.
Subscripts
o relative to upstream section.
D relative to tail water section.
s relative to seepage face; also to free surface.
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